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 Lax-Milgram  I
s7Y9sl Lax-MilgramuK#8Ga|ZKla$li℄/70EBqB0|V4[a|ZKllOZ Oqj" ,t[7jhlllÆ9qBa'S[a|ZKlaBlqFj7ahl_ *}9LBa'S[ Lax-Milgram uK9a|ZKlal'$'li℄ —— L (S, χ) 0v, K H
 σ− #Q;|;~ (Ω,A, µ) 0_l)l RIP− ' a : S × S → L(µ, K) n|I

(A) ^9 ξ ∈ L+(µ), [j |a(p, q)| ≤ ξ · X̃p · X̃q , ∀ p, q ∈ S;
(B) a e coercive(k^9 η ∈ L+(µ), [j |a(p, p)| ≥ η · X̃2p , ∀ p ∈ S' µ({ω|η(ω) = 0}) = 0 );
(C) ~r$ q ∈ S, a(·, q) : S → L(µ, K) e'~r$ p ∈ S,
a(p, ξq1 + ηq2) = ξ̄a(p, q1) + η̄a(p, q2) , ∀ q1, q2 ∈ S j ∀ ξ, η ∈ L(µ, K).>^9.lUq A : S → S [ A−1 ^9' µ − a.s. #Un|





X̃p , ∀ p ∈ S.%/













 Lax-Milgram  II
Abstract
The purpose of this paper is to generalize the classical Lax-Milgram theo-
rem from classical functional analysis to random metric theory.There are three
chapters in this paper.
In the first chapter, we simply introduce the history,present and future
of random metric theory,then we clarify the significance of the result of this
paper.
In the second chapter, we show some basic signes, concepts and proposi-
tions of random metric theory.
In the last chapter, we prove the simplest form of the Lax-Milgram the-
orem in random metric theory—— Let (S, χ) be a complete random inner
product module over the scalar field K with base a σ− finite measure space
(Ω,A, µ), and a : S × S → L(µ, K) satisfy the following:
(A) there exists ξ ∈ L+(µ) such that |a(p, q)| ≤ ξ · X̃p · X̃q, ∀ p, q ∈ S;
(B) a is coercive (namely, there exists η ∈ L+(µ) such that |a(p, p)| ≥
η · X̃2p , ∀ p ∈ S and µ({ω|η(ω) = 0}) = 0 );
(C) a(·, q) : S → L(µ, K) is a module homomorphism for any q ∈ S, and
for every p ∈ S the following also holds:
a(p, ξq1 + ηq2) = ξ̄a(p, q1) + η̄a(p, q2) , ∀ q1, q2 ∈ S , ∀ ξ, η ∈ L(µ, K) .
Then there exists a unique continuous module homomorphism A : S → S
such that A−1 exists and is µ − a.s. bounded, further the following also hold:




X̃p , ∀ p ∈ S.
Key Words: Complete random inner product modules;almost surely bounded













 Lax-Milgram  1
v yqa|ZKl3' j|ZKl (F “Probabilistic Geometry”).1942m{lmI*&tw Karl Menger mY[ j|Z;~ (Probabilistic Metric
Spaces,q0 PM-;~2{0p|Z;~ Statistical Metric Spaces)[1]. luÆSlptw A.Wald,  j|Z;~Klb,lm{tG B.Schwe
izer * A.Sklar nj"}T5t44b A.N.Šerstnev A' 1964 iG[ PM- ;~ldu9 1962 Šerstnev S[ j;~ (Prob-
abilistic Normed Spaces, q0 PN- ;~) lu9VtfVa
PM- ;~\j[/lA 1983  B.Schweizer * A.Sklar l9b,#Vlm [2] %ef 'Z j|Z;~l_Sre:0Xr~l*Ieal℄$2Dv*`
9$Xv x WlUh0ZXr~*I[' xl jZ PM- ;~(#$℄l N B.Schweizer9 [3] ax
 “lWa	Gq ” 9Lll5M B.Schweizer *
A.Sklar o6 PM- ;~lzU*eCl 'rA pSt vKpjZvSGTJS[G\/Yll* [2,4-8]. 9vKptG?taoh86ol Copula %e9 PM- ;~KlAALa>Ql ℄KlH PM- ;~* PN- ;~+eBDAa|Z;~j;~l j#8IeAt_Ul#8"G\_:ly#T
PM- ;~KlzMlA'℄o6ol`de 1956 82C"tlm{tG —A.Špaček 4bl* [9]: ℄aALKll7rSS[a|Zl 
7
1$aAL'r$e gJHlB|Z
[10].1968  Stevens m[ A.Špaček l""S[|ZQG;~ [11]. L Sherwood o Schweizer G Sklar 6'2QG;~ly#lS[












 Lax-Milgram  26olo*1uK [12,13]. Sh Schweizer * Sklar lm [2], d'iG[ A.Špaček 6'a|Z;~2\u(0'(0'tla|Z;~
(Random Metric Spaces, q0 RM-;~) ja;~ (Random Normed
Spaces, q0 RN- ;~) ldu;9 1979 !FMQ9a=mMDf[ PM- ;~Klly#*k_Qn6' PM- ;~o*I|ZTl* [14,15] Sh";e;=6'
PM- ;~v#a*ll*R 1981 _?n9lybl7aP Sherwood6' PM-;~H j|ZvYl1vr2K [16],m\y#[u97 Banach ;~H j|Zvla xla1vr:*yP E- ;~<|7
0a xl7;ly#,$ [17]. I[k_Qn [18]P E-;~<|y#,?MQ97P [19]aSl6'17;~HaSlDl{&:f le^HOy[X E- ;~Hl Hahn-Banach {&uK,Æ[ E- ;~la0;~:<I℄*~LDly##d`lldu*la;9 PM- ;~vPZoÆhHl^El PM- ;~ —E- ;~ [20] ly#Ieq=9 1989 "LQ[^l&T6l3e;en 1989l* [21],PXUa&ZgJl^H12K [22] &wp1<a|Z (av) [-U'8|Z;~ (Tp8;~) la01Ga|Z;~ (Tp#Aha;~), Ie1<07;lly#,[$ [21] Wd[';~l)l
[23,24]. +eell';~e7l℄lla0ea&ZWIe1<$Vh E- ;~aTl1<pE- ;~l<|17gIe1<a|ZKl*aDA9p?JD[aDA#[$blA"" — ;~aT"" [23,25].;enO












 Lax-Milgram  3)Ll Hahn-Banach uK,9a;~l<|IS[a0;~lJKu7P [21]  S[ RM- ;~j RN- ;~l_f l
e;=;#6a|ZKlzMy#lf 7P0a0;~l3A[_lt*7P [21][G\6' RN-;~*a;~ (Random Inner Prod-
uct Spaces, q0 RIP- ;~) jHla0;~l* [26-37], a6ol07P [28,30,35],
u
1li℄S,y#[$ RN-;~j$ RIP-;~l[
ula0;~l3l^e7P [27,36]P$7;Dv;~Hr℄7lzg+[s Lebesgue-Bochner Dv;~al Lp-:I℄*w0a*al lSF[9l~597P [25,37,38]a;enm\S[a (Random Normed
Modules, q0 RIP- ) ja (Random Inner Product Spaces, q0 RIP- ;~), 
u8[$ RN- ;~j$ RIP- ;~l&Ql0a0;~lNAA[ig — H&jHllA [24,37,39] 3Oy[ Riesz *`uK [40]. +e;ena0;~l*`*
Banach ;~UXZ;|oo&JOHf lala0;~*`l$D* Banach ;~lmI1N9T61dP Banach ;~mIo&)G[a0;~l*`Kl'I℄*`'-U'0 Ba-
nach;~lDg7;DvlDgo{ly#\j[TeN9lDgo{luK
[41].7P [27,36] Q[)aaavlr℄vl^*T6l Lp- ;~a Lp- vlBvl^lo{6GI1+[ Ba-












 Lax-Milgram  4a0azl'4K3[;en97P [43]aPa0;~*`[ 0XfV D6' Lebesgue-Bochner Dv;~~*`l#lf ?97P [45] a;enJ7P [27,36,43,42] alzU	wPpQ[)aal James uKoazlN99K;en97P [39]aS[a;~ (Random Seminormed
Spaces,q0 RSN-;~)ja (Random Seminormed Modules,q0 RSN-) lu~ RSN-HlUqlj[9R,Oy[ RSN-al Hahn-Banach {&uKn VSle
9}uDAlzge;~KllAa|ZKllALa<iG[a|ZKll$b7P [38]e$f l'ZIb[A.6'a0;~l*\j[$JKh0a0;~l3A,[$gl<|6'IbjHtl782;enll7 [46] ℄{tlC7 [44,45]. 7Ne7[Ib{Hta|ZKl9a=	AG0$xQG'lL
— 
1iG[$bUS[ RN-  RIP- * RSN- of <|'Q[a0;~Kl+eaDAl;~aT""lS[aDA(yGqa* Banach ;~a0;~*s0;~l9TGea|ZKlj
N<A'-jG+l6a|ZKllANT[6u~sDAl:YLa|ZKlEuXaAOlXA
#u8Bl" '0$a|Z;~ja;~++u$ j|Z;~j j;~












 Lax-Milgram  51o℄37P [35] 9 [29] l_UHmM2h)l RIP− ;~Hl
Riesz *`uK,'W2h[Tl Lax-Milgram uK' RIP− ;~*B;~#u^l=+slKl#8h RIP− ;~a.BBX-ho X^ll7P [35]S[$a;~W + *`lmNWW#laSlD(#!U,W6#5l Riesz*`huK0UTl Lax-MilgramuKl#8i℄s*i'y[o 1z4lQ\I9Hd1$7P [38,40] m\Oy[ Riesz *`huK19)l RIP−HGQ'9)l RIP−H1"mM + *`lmNWW#laSlDlU,0!W*yU,0!1e Riesz *`huKld
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# }R0[j7*zGl$B'Sa|ZKlaBlqFj7ahl_ *}I

K *`Xv, R℄v, C; (Ω,A, µ)0 σ−#Ql;|;~L0(µ, K)*`#u9 (Ω,A, µ) Hl K U µ− 7;Dv/ L(µ, K) *`#
L0(µ, K) a0~l µ− o{H/iGlav6' µ− 7;Dv µ− 7;g µ− ag µ− mNWWToj µ− o{Hos+,87P [49].+pq L̃(µ, R) *`#u9 (Ω,A, µ) Hl8XU µ− 7;Dvl µ− o{H/qQ9p ≤: ξ ≤ η e'e ξ0(ω) ≤ η0(ω) µ− a.e. RI L̃(µ, R) G)"a ξ0 * η0 +e ξ * η l8Ær-la*0
µ− o{HluQHtp*a*0 ξ0 * η0 lpr-<63#W7
S^ ξ ≤ η e'e ξ(ω) ≤ η(ω) µ − a.e., kZW ξ * η 9L℄xa+*`
u8Ær-la*0I1X>Q8I7aSOH|AJ,DZK;u [ξ ≤ η] *`gJ {ω ∈ Ω|ξ0(ω) ≤ η0(ω)} +ul µ−o{H℄7P [49] 7Q)" (L̃(µ, R),≤) a8Æxg A w#H1 ∨A *I1 ∧A, '^9 A a7vxg {an} * {bn} [j ∨A = ∨n≥1an 
j ∧A =
∧n≥1bn,e A9≤RI0uXg (TpIuXg): k ∀ a1, a2 ∈ A, ∃ a12 ∈
A, [j a1 ∨ a2 ≤ a12(Tp a1 ∧ a2 ≥ a12) W"tl {an} 7r0 (Tp {bn} 7r0?) p\+p (L(µ, R),≤) 0)"ka8Æ#H (Tp#I) lgJ"#H1 (Tp#I1).L~8Æ ξ ∈ L(µ, K), |ξ| *` |ξ0| +ul µ− o{Ha ξ0 0
ξ l8Æla*0 |ξ0| : (Ω,A, µ) → [0, +∞) u0 |ξ0|(ω) = |ξ0(ω)| ,
∀ ω ∈ Ω. q L+(µ) = {ξ ∈ L(µ, R)|ξ ≥ 0}. w 2.1[38] #p~ (S, χ) F0v, K H
 (Ω,A, µ)0_la;~












 Lax-Milgram  7n|IE$q χ(p) 0 Xp 

(RN − 1) Xαp = |α|Xp , ∀ α ∈ K, ∀ p ∈ S;
(RN − 2) B Xp = 0, p"# p = θ (θ 0 S ala0);
(RN − 3) Xp+q ≤ Xp + Xq , ∀ p, q ∈ S.3BU#Y ∗ : L(µ, K) × S → S [I&n|

(RNM − 1) (S, ∗) eav L(µ, K) Hl 
(RNM − 2) Xξ∗p = |ξ| · Xp , ∀ ξ ∈ L(µ, K), ∀ p ∈ S.pE0} (S, χ, ∗) F0v, K H
 (Ω,A, µ) 0_laF0 RN− 7P [38] atHtJ ∗ : L(µ, K) × S → S XsH7i0BlvJ · : K × S → S lz4ACZe ∗ 	QW7^
(S, χ, ∗) 0 (S, χ), ξ ∗ p 0 ξ · p , k “ · ” r*`vJ&*`J1X>Q8IZZ w 2.2[38] L (S, χ) 0v, K H
 (Ω,A, µ) 0_l RN− ;~Sl x f : S → L(µ, K) F0mNWW (q0 a.s.) #laSlD?^9 ξ ∈ L+(µ) [j |f(p)| ≤ ξ · Xp , ∀ p ∈ S. q S H# a.s. #laSlDGSl;~0 S∗, u χ∗ : S∗ → L+(µ) 0 X∗f := X∗(f) = ∧{ξ ∈
L+(µ)||f(p)| ≤ ξ · Xp, ∀ p ∈ S}, ∀ f ∈ S∗, 7u ∗̃ : L(µ, K) × S∗ → S∗ 0
(ξ∗̃f)(p) = ξ · (f(p)) , ∀ ξ ∈ L(µ, K), ∀ f ∈ S∗, ∀ p ∈ S. p (S∗, χ∗, ∗̃) iG$v, K H
 (Ω,A, µ) 0_l)l RN− q0 (S∗, χ∗), F0 (S, χ)la0;~. 2.1[38] L(µ, K) ev, K Hlave4ezMHl u
χ : L(µ, K) → L+(µ) 0 Xp = |p| , ∀ p ∈ L(µ, K), p (L(µ, K), χ) iG$v, K H
 (Ω,A, µ) 0_l RN− qZ RN− ;0 L(µ, K).Y 2.1[38] L (S, χ) 0v, K H
 (Ω,A, µ) 0_l RN− ;~q
F+(A) = {A ∈ A|0 < µ(A) < +∞}, ~r A ∈ F+(A) , ε > 0 , 0 <
λ < µ(A), L Nθ(A, ε, λ) = {p ∈ S|µ({ω ∈ A|Xp(ω) < ε}) > µ(A) − λ},
Uθ(A) = {Nθ(A, ε, λ)|ε > 0, 0 < λ < µ(A)} j Uθ(χ) = ⋃A∈F+(A) Uθ(A) p













 Lax-Milgram  8lSl&F0 S H χ %fl (ε, λ)− Sl&
(2) S alp\ {pn : n ∈ N}  (ε, λ)− Sl&jV' S al r p0e'e~8Æl A ∈ F+(A) p\ {χpn−p0 : n ∈ N} 9 A H;| µ jV'
0.
(3)' L(µ, K)0v, K H
 (Ω,A, µ)0_l RN−;~9 (ε, λ)−Sl&I L(µ, K)0&avkavJ · : L(µ, K)×L(µ, K) → L(µ, K)0TJUqlB (S, χ) 0 RN− > (S, χ) 0&av L(µ, K) Hl&kJ · : L(µ, K) × S → S 0TJUq97a~8 RN−;~	j&1,V (ε, λ)−Sl&Y 2.2[38] L (S1, χ1) j (S2, χ2) ,0v, K H
 (Ω,A, µ) 0_l
RN− p f : S1 → S2 0 a.s. #e'e f 0Uql w 2.3[38] F#p~ (S, χ) 0v, K H
 (Ω,A, µ) 0_la;~ (F RIP− ;~), ? S ev, K HlSl;~'Y χ : S ×S →
L(µ, K) n|I (q χ(p, q) 0 Xp,q):
(RIP − 1) Xp,p ∈ L+(µ) , ∀ p ∈ S ' Xp,p = θ ( L(µ, K) ala0) e'e p = θ (S ala0) ;
(RIP − 2) Xp,q = Xq,p, (Xp,q *` Xq,p l0H) , ∀ p, q ∈ S;
(RIP − 3) Xαp,q = α · Xp,q , ∀ p, q ∈ S, ∀ α ∈ K;
(RIP − 4) Xp+q,r = Xp,r + Xq,r , ∀ p, q, r ∈ S.3BU#Y ∗ : L(µ, K) × S → S [I&n|

(RIPM − 1) (S, ∗) eav L(µ, K) Hl 












 Lax-Milgram  9Y 2.4[38] L (S, χ) 0v, K H
 (Ω,A, µ) 0_l RIP− ;~>
|Xp,q| ≤ X̃p · X̃q , ∀ p, q ∈ S, au χ̃ : S → L+(µ) 0 X̃p = √Xp,p ,
∀ p ∈ S, ℄ (S, χ̃) 0 RN− ;~*s;~H|$av7 $a%fSle'eavn|j{#i>Y 2.5[38] L (S, χ) 0v, K H
 (Ω,A, µ) 0_l)l RIP− Y f : S → L(µ, K) eUq (o{p f e S Hl µ− a.s. #laSlDk^9 ξ ∈ L+(µ) [j |f(p)| ≤ ξ · X̃p, ∀ p ∈ S), > S a^9.0~ π(f) [j f(p) = Xp,π(f) ' X̃π(f ) = X̃∗f , a (S∗, χ̃∗) e RN− ;~ (S, χ̃)la0;~* Hilbert ;~H|s>~ π : S∗ → S e℄ (S∗, χ̃∗) h
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M [W)E+B Lax-Milgram !5x4 3.1 L (S, χ) 0v, K H
 (Ω,A, µ) 0_l)l RIP− 'Y a : S × S → L(µ, K) n|I

(A) ^9 ξ ∈ L+(µ) , [j |a(p, q)| ≤ ξ · X̃p · X̃q , ∀ p, q ∈ S;
(B) ~r$ q ∈ S, a(·, q) : S → L(µ, K) e'~r$ p ∈ S,
a(p, ξq1 + ηq2) = ξ̄a(p, q1) + η̄a(p, q2), ∀ q1, q2 ∈ S j ∀ ξ, η ∈ L(µ, K).>^9.lUq A : S → S [j a(p, q) = XA(p),q , ∀ p, q ∈ S '
X̃A(p) ≤ ξX̃p , ∀ p ∈ S.=
8- p ∈ S 5u fp(q) = a(p, q), > fp eUq}
2.5 Q^9. w = w(p) ∈ S, [j~ ∀ q ∈ S # fp(q) = a(p, q) = Xq,w(p) .℄# a(p, q) = Xw(p),q , ∀ p, q ∈ S.L A : p 7→ w(p) , ∀p ∈ S, > a(p, q) = XA(p),q , ∀ p, q ∈ S, &N4 AeSll' X̃2A(p) = Xw(p),w(p) = a(p, w(p)) ≤ ξX̃A(p) · X̃p , ∀ p ∈ S , k
X̃A(p) ≤ ξX̃p , ∀ p ∈ S, ℄ A 0UqlKjO 4 3.1 L (S, χ) 0v, K H
 (Ω,A, µ) 0_l)l RIP− ' a : S × S → L(µ, K) n|I

(A) ^9 ξ ∈ L+(µ), [j |a(p, q)| ≤ ξ · X̃p · X̃q , ∀ p, q ∈ S;
(B) a e coercive(k^9 η ∈ L+(µ), [j |a(p, p)| ≥ η · X̃2p , ∀ p ∈ S' µ({ω|η(ω) = 0}) = 0 );
(C) ~r$ q ∈ S, a(·, q) : S → L(µ, K) e'~r$ p ∈ S,
a(p, ξq1 + ηq2) = ξ̄a(p, q1) + η̄a(p, q2) ,∀ q1, q2 ∈ S j ∀ ξ, η ∈ L(µ, K).>^9.lUq A : S → S [ A−1 ^9' µ − a.s. #Un|





X̃p , ∀ p ∈ S.=
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